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Perspectives of Perihelion Precession in Torsion Modified Gravity
R. Nitish, Rohit K. Gupta and Supriya Kar
Department of Physics & Astrophysics, University of Delhi, New Delhi 110 007, India
Killing symmetries are revisited in d=5 bulk geometric torsion (GT) perturbation theory to in-
vestigate the perihelion precession. Computation reveals a non-perturbative (NP) modification to
the precession known in General Relativity (GR). Remarkably the analysis re-assures our proposed
holographic correspondence between a perturbative GT in bulk and a boundary GR coupled to
B2∧F2. In fact the topological correction is sourced by a non-Newtonian potential in GR and we
identify it with an “electro-gravito” dipole. Interestingly the dipole correction is shown to possess
its origin in a 4-form underlying a propagating GT and leads to a NP gravity in d=4.
INTRODUCTION
General relativity is an elegant classical field theoretic
formulation in (3 + 1)-dimensions by Einstein. It is rela-
tivistic and is an interacting metric gµν(x, t) field theory
which ensures ten independent components and two local
degrees of freedom. Thus eight constraints are sourced by
the inherent symmetries in GR and they may provided a
theoretical tool to explore new physics. In particular the
Killing symmetries ensure the Killing equations, i.e. the
Lie derivative LKgµν=0, which in turn yields ∇(µKν)=0.
A Killing vector Kµ is associated with a conserved charge
underlying the symmetry.
In principle the conserved quantity sources a (gravita-
tional) potential which in turn may include a quantum
correction to the GR. Thus the Killing symmetries play
a significant tool to explore a quantum correction to the
exact solution(s) in GR. However a potential in GR is not
unique and hence is very different in nature from that in
a gauge theory or in an electro-magnetic theory. For in-
stance, all known exact solutions in GR are defined with
different gravitational potentials. Thus one of the primary
motive in GR is to identify an appropriate gravitational
potential which would like to incorporate a quantum phe-
nomenon consistently. In the context various gauge theo-
retic tools have been explored in the last two deacdes to ad-
dress the quantum gravity phenomena [1–4]. Interestingly
a dynamical generation of fourth or extra space dimension
has been argued in GR [5].
GRAVITATIONAL POTENTIAL
In this article we address a pertinent issue possibly
sourced by the Killing symmetries to a gravitational po-
tential. Our analysis reveals a quantum correction, real-
ized via a topological coupling, to the GR. Presumably it
is believed to describe the perihelion advances in GR. Inter-
estingly we identify the topological term in the potential,
with an “electro-gravito” dipole correction. Nonetheless
the dipole is shown to be sourced by a conserved charge in a
bulk geometric torsion (GT) theory on R1,1⊗S3. We com-
pute the precession of the perihelion with a renewed per-
spective in GT perturbation theory defined with an emer-
gent metric [6] and estimate the extra space dimension.
Results provide an evidence for a correspondence between
the bulk GT dynamics and a boundary GR phenomenon
in presence of an “electro-gravito” dipole. In fact an afresh
idea leading to a bulk (two form) gauge theory and bound-
ary (Einstein) gravity has already been discussed by two
of the authors in a collaboration [7]. Interestingly a prop-
agating torsion underlying a modified gravity has recently
been addressed [8]. Along the line of thought the perihe-
lion precession has been revisited for a plausible correction
[9, 10].
In particular we begin with a static and S2-symmetric
vacuum solution in GR. The line element is known to
describe the Schwarzschild black hole: ds2=−f dt2 +
f−1dr2+ r2(dθ2+sin2 θdφ2), where f(r)=(1− 2GNMr−1)
and r>2GNM . The Schwarzschild geometry is charac-
terized by one time-like Killing vector Kµ=(1, 0, 0, 0) and
three Killing vectors underlying the S2-symmetry. The
later describes the angular momentum L and its magni-
tude is a conserved Noether charge Q. It takes a form
ξµ=(0, 0, 0, 1) and reflects the translational symmetry in
φ-coordinate.
In the context we revisit an elegant tool described by
the isometries of a Schwarzschild metric. The constant of
motion for a time-like geodesics ensures:
gµν
dxµ
dλ
dxν
dλ
= −1 . (1)
The equation for a Schwarzschild geodesics is worked out
in a planar limit. It describes one dimensional motion of a
particle of unit mass in an effective potential:
Veff =
(
1− 2GNM
r
+
Q2
r2
− 2GNMQ
2
r3
)
. (2)
The second term in Veff corresponds to the Newtonian grav-
itational potential and is known to be sourced by a scalar
field. The third term also ensures the Newtonian gravity
due to the equation of motion of the vector field sourced
by an electric (and/or magnetic) charge Q. However the
fourth term does not correspond to the Newtonian gravity
2as the apparent conserved force does not satisfy the inverse-
square gravitational law. Thus a non-Newtonian potential
Vq=(2GNMQ
2)r−3 in Veff is sourced by the conservation
of both energy E and charge Q but turns out to be in-
significant for large r geometries. However for small r, the
Vq can incorporate a vital (relativistic) correction to the
geometry underlying a classical vacuum in GR. In fact Vq
is known to describe the observed perihelion precession of
planet(s) in an approximately closed path around the Sun
and generically for the precessing elliptical orbit around a
star. It ensures that these orbits are not perfect ellipses
in GR. They may allow a further possibility to explore the
study of gravitational orbit from an alternate formulation
underlying the perspectives in GR. In fact the precession
of perihelion is one of the three experimental tests of GR
suggested by Einstein. It may suggest that the observed
precession of perihelion advance possibly validates an al-
ternate gauge theoretic formulation such as bulk GT. In
the article we investigate the perspective of perihelion in a
modified gravity underlying a bulk GT. The modification
to Einstein gravity was constructed by one of the author
in a collaboration [6]. It was shown that the torsion con-
nection consistently modifies the covariant derivative ∇µ
in Einstein gravity to Dµ which satisfies Dµgνλ=0.
TOPOLOGICAL COUPLING TO GR
Interestingly a natural exclusion of Newtonian gravity
may consistently ensure a quantum gravity phenomenon.
In principle a non-Newtonian potential can describe inter-
acting non-point masses and hence incorporates a lower
cut-off on the radial distance r. Thus Heisenberg’s uncer-
tainty principle may be invoked in a non-Newtonian grav-
ity and hence a quantum correction can be enforced by Vq
into the exact S2-symmetric geometries in GR. It further
ensures the background independence of the potential Vq
on an equatorial plane and hence may be interpreted as a
NP correction to GR. For a recent review on NP-gravity
we refer to ref[11]. Analysis shows that the Killing sym-
metries in GR may provide a remarkable clue to unfold a
topological correction atleast to the maximally symmetric
family of black holes defined with more than one tensor
field source. For instance, the second and third terms in
Veff ensure the Reissner-Nordstro¨m (RN) black hole. The
idea may lead to believe for a topological correction to the
exact solution(s) in GR and together they may be described
by a NP-gravity:
S =
1
4
∫
d4x
√−g
( R
4πGN
− F 2µν −
1
3l2
H2µνλ
)
− 1
4πGN
∫
B2 ∧ F2 , (3)
where Fµν=(∇µAν−∇νAµ), Hµνλ=(∇µBνλ + cyclic) and
the coupling l=[length]. The BF -term incorporates a topo-
logical coupling to the metric dynamics via one and two
form gauge potentials. For a detailed study on BF -gravity
see refs[12–14]. A consistent truncation of the generic ac-
tion (3) yields a topologically coupled Einstein-Maxwell
theory. Interestingly the dynamical terms in the action
may alternately be derived from the d=5 Einstein grav-
ity on S1. It re-ensures that a higher dimensional gravity
can be a potential tool to address a quantum gravity phe-
nomenon in a lower dimension. However the BF -coupling
in the action (3) underlying the quantum correction needs
to be placed by hand as it cannot be derived from d=5
(Kaluza-Klein) gravity.
BULK GT←→BOUNDARY GR
The mentioned difficulty may be resolved with a pro-
posed correspondence [7] between a two form perturbation
theory, underlying a conformal symmetry, in d=6 bulk and
a boundary AdS5. The idea has been modelled in a U(1)
gauge theory described by a two form in presence of a back-
ground gravity. On S1 there are two massless two forms
and the gauge group becomes U(1)×U(1) in the d=5 bulk.
Now the two forms in the bulk on R(1,1)×S3 under the
bulk GT/boundary GR correspondence is described with
all terms in Veff in eq(2).
A generic correspondence between the GT in bulk and
the boundary (Einstein) gravity phenomenon is based on
a number of evidences. For instance the non-Riemannian
space-time curvature tensor Kµνλρ, in absence of a prop-
agating torsion in bulk, has been shown to share all the
properties of the Riemannian Rµνλρ under the interchange
of its indices [6]. Recall that the space-time curvature is
an observable and the potentials (metric and two form) are
not. Thus an observer would not be abled to distinguish
between the Einstein gravity and its alternate formulation
with two form(s) gauge theory. In fact the scalar curvature
K computed from a two form ansatz in the bulk GT the-
ory precisely identifies with the expression for the scalar
(CµνλρC
µνλρ) in GR for a static vacuum, where Cµνλρ=
conformal-weyl tensor. Generically the local degrees of a
mass-less two form on R1 ⊗ Sd is precisely equal to that
of a metric on Sd where the radius of Sd may be identi-
fied with a pseudo-scalar field χ. A vacuum expectation
<χ>=χ0 decouples the boundary phenomenon from the
bulk (Σ) theory as the GT forms a condensate, i.e.F4=0.
Then the bulk/boundary correspondence ensures an equiv-
alence between the GT action and the boundary GR which
couples to the BF -term:
Sbulk =
−1
12λ2
∫
Σ
d5y
√
−G
(
H2µνλ +H2µνλ
)
≡
∫
∂Σ
1
16πGN
(
d4x
√−gR− 4πB2 ∧ F2
)
, (4)
where λ2 ≡ l3 and H3=dDB2 is a geometric torsion. The
gauge theoretic forms H3=dB2 and F2=dA1 are defined
3with ∇µ derivative. All of them are U(1) gauge invariants
under a variation of their respective form fields. The Bµν
and Bµν remain covariantly constant respectively with the
original covariant derivative ∇µ and the modified deriva-
tive Dµ. Thus in case of a pure Dµ derivative theory, Bµν
behaves as a background field (meaning non-dynamical)
and similarly in an original theory, Bµν turns out to be
a background. However both the two forms are dynami-
cal in the bulk action (4). In the case the Hµνλ may be
re-expressed perturbatively:
DµBνλ = 1
2
(Hµν
αBαλ +HµλαBνα) . (5)
The original theory breaks the U(1) symmetry sponta-
neously and hence leads to a massive Bµν description. Thus
a mass-less Bµν in bulk action (4) absorbs all the local
degrees in Bµν which may identify with three Goldstone
bosons. Interestingly a massive B2 quantum has been ar-
gued to describe a graviton and an instanton [15] in any
dimension d≥4. Along the line a propagating torsion and
its relevance to the graviton has been worked out in the
past [8, 16].
Furthermore the U(1) gauge invariance of Hµνλ under
the Bµν variation has been shown to be restored in presence
of an emergent metric [6]. It is given by
Gµν = (gµν − l2HµαβHαβν) . (6)
Thus GT is defined with a NP derivative Dµ and may
be viewed via an absorption of a gauge theoretic torsion
connections Hµν
λ in the background. It retains the U(1)
gauge invariance non-perturbatively meaning Dµ is treated
without its underlying perturbation in ∇µ. Nonetheless
the spontaneously broken U(1) gauge invariance is restored
with an emergent notion of metric in GT. Generically the
bulk GT dynamics is derived with a non-vanishing F4=dH3
which in turn governs an axionic field χ. Then [F4,H3, H3]
in bulk GT would describe a massive GT coupled to Bµν
dynamics. Under the bulk/boundary proposal the bound-
ary GR would like to correspond to [R−2Λ] for a cosmo-
logical constant Λ<0 and with a BF -correction. This in
turn is believed to describe an AdSQ4 on a boundary theory
with a NP-correction [7].
Though the boundary theory is closed from the pertur-
bative bulk perspective, it describes multiple AdS4 patches
with local boundaries (within the closed hyper-surface) in
NP gravity. Here the superscript Q signifies a quantum
or quintessence underlying an axion and sourced by the
topological correction. We believe that the BF -term pos-
sesses a deep implication to the Big Bang cosmology and
its investigation may unfold the mysteries behind the dark
energy in universe.
PERIHELION PRECESSION IN BULK GT
A circular orbit in Newtonian gravity turns out to be
Keplerian or elliptical due to the planar effect meaning the
motion of other massive bodies in the same plane. How-
ever the relativistic effect in GR ensures that the perihe-
lion advances along its azimuthal angle φ→φ+2(π+δφ).
The precessed angle has been computed in GR to yield:
δφ=6π(G2NM
2Q−2)> 0. It shows a deviation from a per-
fect elliptical orbit to an open path which signifies the role
of GT in d=5 and for d≥5. A detailed description may be
obtained from ref.[6].
Now we begin with an U(1) gauge theory described by
a dynamical B2 and a covariantly constant B2 in (4 + 1).
The gauge ansatz for positive constants (b, P ) is given by
Btψ = b = BRψ and Bψφ = P sin2 ψ cos θ . (7)
The non-trivial components of GT becomes:
Hθφψ = bP l−1 sin2 ψ sin θ
and Hθφt = HθφR = −bP l
R2
sin2 ψ sin θ . (8)
Using an emergent metric (6) a line-element has appropri-
ately been approximated to yield d=5 Schwarzschild black
hole [6]:
ds2 = −
[
1− 2m
R2
]
dt2 +
[
1− 2m
R2
]−1
dR2 +R2dΩ23 , (9)
where 2m=(bP l2) and the S3 line element dΩ
2
3=(dψ
2 +
sin2 ψ[dθ2 + sin2 θ dφ2]) with 0<ψ≤π, 0<θ≤π and 0<φ≤
2π. In the case the emergent Schwarzschild geometry
in d=5 is characterized by one time-like Killing vector
Kµ→(1, 0, 0, 0, 0) and six Killing vectors underlying the
S3. The translation symmetry in φ is characterized by
ξµ→(0, 0, 0, 0, 1). On equator two conserved quantites are
E→(1 − 2m
R2
) dt
dλ
and Q→R2 dφ
dλ
.
The constant of motion (1) in d=5 on an equatorial plane
for the time-like geodesics is worked out to yield:(
dR
dλ
)2
+
(
1− n
R2
− q
2
R4
)
= E , (10)
where n=(2m−Q2), q2=2mQ2 are constants and E=E2 is
an analogue of total energy. The effective potential V (R)
in (10) does not include a quantum term unlike to that in
GR. In the case V (R) is completely sourced by an empir-
ical generalization of Newtonian gravity. This is indeed a
striking difference between GR and GT. Analysis leading
to a derived Veff in GT and in GR may suggest that a quan-
tum correction attributed to GR is presumably contained
in bulk GT. In fact the Veff in GT perturbation theory ex-
ploits an emerging notion of metric and hence both GT and
GR are defined with a derivative ∇µ respectively in d=5
and d=4. Apparently the eq(10) describes the d=1 motion
4of a unit mass (classical) particle in an effective potential
1
2V (R) and with a total energy (E/2). This unusual energy
analogue equation signifies that the actual motion involves
the motion of a planet around the sun and hence t(λ) and
φ(λ) do join the R(λ) equation (10). Thus the actual sce-
nario is drastically different from that of d=1 motion of a
particle. The expression for Q2 is used to re-express the
eq(10) under a change of variable. It takes a form:
D5 =
(dR
dφ
)2
+(1−E)R
4
Q2
+
(
1− 2m
Q2
)
R2−2m = 0 . (11)
If w is a fourth space coordinate then R2=(r2+w2). For
w2≪r2, the R4≈r4(1+2w2r−2). Then the eq(11) may be
reduced to that in d=4. However using X=Q2(mr)−1 the
eq(11) is re-expressed as:
d2X
dφ2
−
(
3G2NM
2
Q2
)
X2 +X = 1
and (aX4 + bX3 + cX2 + d) = 0 , (12)
where a =
15m2
2Q2
, b+2 =
4m
w2
, 5−2c = 3Q
2
w2
, d =
Q4
(mw)2
.
A generic solution X(GT )=(X(GR) + X5) can be approxi-
mated with w2≪Q2 and identifying α = (3G2NM2)Q−2 as
the azimuthal precession in GR. Then:
w2 ≈ 2m
(
1 +
15
2
√
3
m
Q
)
and X5 ≈ −8Q
2α
3w2
. (13)
Explicitly:
X(GT ) = 1 + e cosφ+ eαφ sinφ+ αα˜ , α˜ =
(
1− 8Q
2
3w2
)
,
= 1 + e′ cosφ+ e′′αφ sinφ , (14)
where e′=(e+αα˜ cosφ), e′′φ=(eφ+ α˜ sinφ) and e= eccen-
tricity of ellipse. For w2 → w20 = 8Q
2
3 , the α˜ = 0 and X5
contribution vanishes. Nevertheless for α˜ 6= 0:
X(GT ) = 1 + e′ cosφ+ e′α˜φ sinφ ,
= 1 + e′ cos[(1− α˜)φ] . (15)
Interestingly the GT solution in a limit α˜→α identifies
with that in GR. This is due to a fact that α2 is in-
significantly small. An estimate for w is worked out for
the motion of the planet Mercury around the Sun in tor-
sion gravity. It yields w0 = 1.5 × 107m, where we have
used e = 2 × 10−1, semi-major axis a = 5.8 × 1010m and
(GNMSunc
−2) = 1.5 × 103m. In the case an extra dimen-
sion turns out to be 103 times smaller than the remaining
three space dimensions which along with a time coordi-
nate describes the GR. Thus a perihelion advances by w0
in an orthogonal direction to the remaining 3-space coor-
dinates. A small elevation in periodicity of the azimuthal
angle φ is along a resultant direction to ω and r. It is
due to the non-planar effect underlying an intrinsic (non-
commutative) nature of rotations which are only possible
off a plane. Generically the bulk GT theory describes a
spiral path for a planet and hence an open path! It is due
to a propagating (axionic) scalar χ along the w-direction.
Thus an assigned vacuum expectation χ0 can fine tune w0
to a smaller value! A small w0 ensures a nearly closed el-
liptical orbit in GR. A spiral path followed by a planet in
GT may be approximated to describe an elliptical orbit on
a slanted plane in GR.
ELECTRO-GRAVITO DIPOLE
We recall the potential Vq for a plausible physical inter-
pretation in GR. It is obvious to note that the BF-term in
the proposed action (3) does not modify the known exact
geometries in GR. Interestingly the Vq may be identified
with an “electro-gravito” dipole term where M 6=0. The
coined name presumably ensures the formation of an elec-
tric dipole only in presence of Einstein gravity. It may
also be viewed through the coupling of vector field Aµ to
the metric field gµν as in Einstein-Maxwell action. Thus
two opposite electric charges ±Q are separated by M and
the “electro-gravito” dipole is defined with a coupling GN
which replaces the coulomb constant (4πǫ0)
−1 in a typi-
cal electric dipole. However an electric dipole correction is
ruled out in GR due to a fact that electric charges are not
sourced by the metric field. It goes as r−3 and hence is
insignificantly small for the large length scale in GR. Nev-
ertheless an electric quadrupole can be configured with two
“electro-gravito” dipoles placed closed to each other with
opposite and equal charges. The net charges at the poles
cancel each other to form a closed gravitational loop in a
quadruple and hence is known to contribute a correction
to the GR.
An “electro-gravito” dipole in Einstein-Maxwell theory
is argued to possess its origin in a BF -term. A topologi-
cal number ensures the number of windings which in turn
would like to describe the multi Reissner-Nordstro¨m (RN)
black hole. Thus semi-classical vacua can be described with
a quantum tunneling of an instanton via the BF -term un-
derlying an “electro-gravito” dipole. The perspective of
the BF -boundary term has been shown to be sourced by
the bulk B2 dynamics [7]. In fact the B2 ansatz in the
bulk gauge theory under S3→S2, i.e. for the second polar
angle ψ→pi2 , has been worked out in ref[17]. Our result
matches with the expression for Vq which sources the ex-
perimentally observed perihelion precession of planets in
the solar system. Analysis may compel to revisit the peri-
helion precession with a renewed perspective in a bulk GT
on R1,1⊗S3.
In the context we recall the two form ansatz (7) to
construct a geometric torsion (8) in a perturbation the-
ory. Thus, the gauge invariance is spontaneously bro-
ken in perturbation theory. As a result the H3 may be
treated as a gauge potential to define an U(1) gauge in-
5variant F4=dH3 6=0. This in turn describes a propagating
pseudo scalar presumably sourcing a gravitational instan-
ton in the bulk geometric torsion theory. The components
of field strength for a dynamical GT are worked out using
the gauge ansatz (8). They are given by
Ftψθφ = −FRψθφ = −2bP
R2
sin 2ψ sin θ
FtRθφ = 2bP l
R3
sin2 ψ sin θ . (16)
On an equatorial plane the non-zero component
FtRθφ=(2bP l)R−3 precisely identifies with that of an
“electro-gravito” dipole term in an effective potential (2)
obtained in GR as R→r due to a fact that the spherical
symmetry becomes insignificant on a plane. However the
3-form equations of motion ∇µFµνλρ=0 in the pertur-
bation GT theory ensures that the 4-form ansatz does
not contribute to the Newtonian force. It leads to a
consistent geometric description in d=5. Thus the 4-form
ansatz re-confirms a holographic correspondence between
a classical bulk (perturbation GT) and a boundary GR
(with a NP-correction). It is consistent with the idea of
AdS5/CFT4 correspondence [18, 19] which maps a weakly
coupled bulk to a strongly coupled boundary.
A propagating GT and the metric in GR respectively
require a minimal d=5 and d=4. In fact an emergent metric
Gµν has been shown to restore gauge invariance in GT
theory [6]. Nonetheless the NP-term in the action uses a
modified derivative Dµ and the U(1) gauge invariance is
maintained in GT by definition. It has been argued that
the graviton in d=4 may equivalently be described by the
quantum of a massive two form [15].
CONCLUDING REMARKS
The observed perihelion precession, experimentally val-
idating the GR, is believed to describe a nearly elliptical
orbit for a planetary motion. In fact the advanced az-
imuthal angle, from the perspective of an equatorial plane
in GR, has lead to an open path which in turn is approx-
imated as an elliptical orbit on a slanted plane. In the
context we revisited the phenomenon in bulk GT formula-
tion where an instanton, in the disguise of a propagating
torsion, was shown to incorporate the advances in perihe-
lion along a spiral path. Remarkably analysis reveals an
evidence to the proposed correspondence between a bulk
GT/boundary GR in presence of a BF -term [7]. The topo-
logical correction was identified with an “electro-gravito”
dipole in GR and it is believed to describe a shade of quan-
tum gravity possibly leading to a degenerate (multi) RN
black hole vacua.
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